This article presents a thermal resistances-based approach for solving the thermal-elastohydrodynamic lubrication problem in point contact, taking the lubricant rheology into account. The friction coefficient in the contact is estimated, along with the distribution of both film thickness and temperature. A commercial tribometer is used in order to measure the friction coefficient at a ball-on-disc point contact lubricated with a polyalphaolefin base. These data and other experimental results available in the bibliography are compared to those obtained by using the proposed methodology, and thermal effects are analysed. The new approach shows good accuracy for predicting the friction coefficient and requires less computational cost than full thermal-elastohydrodynamic simulations.
Introduction
In recent years, a large amount of research has been devoted to improving the energy efficiency of mechanical components operating under elastohydrodynamic lubrication (EHL). This improvement depends on the capability to predict the behaviour of the contacts under EHL conditions. A decisive influence on this issue is the distribution of temperatures in the lubricant, which determines its viscous properties. 1, 2 It is known that the severe operating conditions of these contacts involve a generation of heat by friction, which gives rise to non-isothermal behaviour. The increase in temperature directly affects the film thickness and the friction coefficient.
Of the initial research into tribological contacts with thermal effects, it is worth mentioning Blok 3 and Jaeger. 4 They modelled the contact as a uniform frictional heat source moving over the surface and studied the rise in temperature for different geometries in the absence of any lubricant.
One of the first numerical solutions to the thermalelastohydrodynamic (TEHL) problem was developed by Cheng and Sternlicht, 5 who studied the pressure, temperature and film thickness for a line contact between two rollers lubricated with a Newtonian fluid. Similarly, the numerical solution for the case of point contacts was approached by Zhu and Wen. 6 Sui and Sadeghi 7 solved the TEHL problem for non-Newtonian lubricants. Their solution was based on the Reynolds equation modified by the Eyring rheological model 8 to incorporate the shear-thinning effect of the fluid. More recently, [9] [10] [11] [12] solving the TEHL problem was approached by applying multilevel techniques based on the studies carried out by Lubrecht. 13 Thermal network-based analysis is a very useful tool in numerous engineering problems. 14 Olver and Spikes 15 developed a one-dimensional thermal network for TEHL point contact. Later on, Morales-Espejel and Wemekamp, 16 Echa´varri et al., 17 Paouris et al. 18 and Shirzadegan et al. 19 used this approach to account for thermal effects in analytical models and calculate an average value of the temperature of the lubricant within the high-pressure contact zone. Morales-Espejel et al. 16 also presented a simple extension to a two-dimensional case. The present article focuses on the development of a low-degree-of-freedom model with an improved thermal network approach, where the problem is discretised and it is assumed that the contact is made up of many separate columnar volumes of unit area, collectively forming the whole conjunction. The resulting two-dimensional model provides information on the temperature distributions of the lubricant and the contacting surfaces, along with other parameters of interest, such as the friction coefficient and the film thickness distribution. These results are more useful to designers in industry than those obtained with the analytical models [15] [16] [17] [18] [19] and they also contribute to a greater understanding of the complex physical phenomena involved under TEHL.
At the same time, the calculations performed with the new model require much less computational resources than full-TEHL simulations, [20] [21] [22] in which the energy equation is solved across the film to incorporate the corresponding variations in the lubricant properties. On the contrary, the Reynolds equation employed in the present article evaluates the lubricant properties at the local average temperature of each column of fluid of thickness h. The results obtained in this way, although calculated in a simplified basis, ensure that the energy equation for the lubricant is satisfied.
In the last decade, many approaches have been proposed to solve the TEHL problem using different rheological models. [23] [24] [25] In the present article the Carreau model is considered, bearing in mind the results of Chapkov et al., 26 Liu et al. 27 and Jang et al., 28 which reveal that the Carreau equation properly characterises the shear-thinning effects. In particular, for the case of the PAO base 1, 17 and squalane oil 19, 29 used in the present work. On the other hand, the compressibility of the lubricant is taken into account, since TEHL conditions usually include extreme pressures.
By means of the iterative calculation procedure developed, we can find the convergence of the distributions of pressure, film thickness and temperature, and the value of the friction coefficient, for a wide range of lubricant bath temperatures, normal loads, average velocities and slide-to-roll ratios.
To verify the results obtained with the novel methodology, in addition to the comparison with the experimental data published for squalane oil, 19 a series of tests were carried out with a Mini-tractionmachine MTM (PCS Instruments; www.pcs-instruments.com), measuring the friction (or traction) coefficient in a ball-on-disc point contact. A polyalphaolefin PAO-6 was used in the tests and input operating conditions were selected to cover a wide range of operating conditions under TEHL.
Equations of the TEHL problem
This section presents the equations involved in the TEHL problem, the rheological behaviour of the lubricant and the generation of heat, with the purpose of finding a way of predicting the friction coefficient. The following assumptions are made:
-Unidirectional surface velocities in the x-direction.
-Couette flow, with a negligible Poiseuille component in the x-and y-directions.
1
-All heat generated by fluid shear (none by compression).
30
-Absence of heat conduction in the x-and y-directions within the lubricant film.
22
-Advection negligible in y-direction.
30
These hypotheses lead to a manageable problem which contains the most important modes of heat generation and heat transfer, even though the methodology proposed can be further developed to include other terms.
Approaching the TEHL problem
The Reynolds equation for a steady-state point contact under EHL with unidirectional surface velocities in the x-direction is written as 31, 32 @ @x
By applying Boussinesq's theory 31 for the linear elastic deformation of two homogeneous isotropic bodies in contact, assuming that contact dimensions are small compared to the size of the bodies, the following expression is obtained for the lubricated film thickness
The third equation involved in the EHL problem is the load balance equation
The values of viscosity and density of the lubricant that enter into the Reynolds equation (1) are dependent on the temperature of the lubricant. For this reason, it is important to carry out a thermal balance to obtain the average temperature within the lubricant film T(x,y), which satisfies the differential equation of energy conservation 20 for a differential volume of the fluid (4)
Thermal balance for each contacting body i (i ¼ 1,2) is given by equation (5), which provides the surface temperature distributions T surf1 (x,y) and T surf2 (x,y)
The first three addends of equation (4) represent the thermal input energy to the differential volume by conduction in the lubricant, the fourth term is the heat generated by compression of the fluid. The fifth and sixth, the heat generated by viscous friction. The sum of these terms is equal to the heat advection in the fluid. In the equation for contacting bodies (5), no heat is generated and therefore only the terms for heat conduction and advection are taken into account. Regarding the terms in equation (4) related to heat transfer, some hypotheses are made for a simplified formulation. As for the lubricant film, the heat conduction in the x-and y-directions is neglected according to Habchi et al. 22 Moreover, the y-component of heat transported by mass is considered negligible when compared to other terms, in line with Spikes et al. 30 The terms in equation (4) related to heat sources are discussed in section ''Heat sources''.
Viscosity and density
The rheology of the lubricant is modelled by means of the Carreau non-Newtonian equation (6) , where the influence of pressure in low-shear viscosity is taken according to Barus law 33, 34 
, with : ls
The variation in lubricant density with pressure has been modelled according to Ho¨glund.
where C 1 , C 2 , C 3 and s are the fitting constants for each lubricant.
Heat sources
The heat generated in the lubricant is due to the compression caused by the pressure gradients and the viscous friction of the lubricant throughout the contact. The main component of the heat generated by compression in a column of fluid of thickness h and unit area is given by the following expression
where T is the absolute temperature (in degrees Kelvin). However, under typical operating conditions for TEHL contacts, the heat generated by compression can be taken as negligible in accordance with Spikes et al., 30 Cameron 36 and Reddyhoff et al. 37 Therefore, this study only considers the heat generated by friction in a column of fluid of thickness h and unit area, which is given by equation (9) if we assume Couette flow in the high-pressure contact zone.
Calculating the friction coefficient
As customary in elastohydrodynamics, the Poiseuille component is neglected in the x-and y-directions for a simplified analysis of friction. 1, 38 Hence, shear rate and shear stress are computed within the film using the Couette component. This stress is dependent on the rheological behaviour of the lubricant under the operating conditions attained. For the calculations set out, the lubricant has been considered to have nonNewtonian behaviour according to Carreau equation with a limiting shear stress. 25, 29, 39 
For lubricants with short relaxation times, 35 the limiting shear stress L can be estimated by applying equation (11) . The limiting shear stress at ambient pressure 0 can be neglected in most cases due to the very high pressure in elastohydrodynamic lubrication, simplifying this equation as follows
Therefore shear stress is limited locally to the lesser value of the stresses calculated with Carreau equation (6) and limiting shear stress formula (11) . The friction force is determined by the integration of the shear stress generated in the lubricant throughout the contact domain and the ensuing friction coefficient is given by the following equation
Numerical approach
In order to solve the TEHL problem numerically, equations (1), (2) and (3) are made non-dimensional, together with the boundary condition for the Reynolds equation: pðx, yÞ ¼ 0, 8x, y 2 @, where @ denotes the boundary of the domain . By applying the multilevel techniques 13 the EHL problem can be solved for a specific temperature distribution T(x,y) in a grid m Â n.
We present a simplified method that consists in generating an equivalent circuit of thermal resistances based on Wilson's methodology 14 for hydrodynamics. For an EHL point contact, the equivalent circuit is more complicated but it follows the same logic that Wilson applied.
By analysing a differential element like that shown in Figure 1 , it can be seen how the heat generated in the lubricant Q g can be diffused to the surfaces of the bodies in contact through the thermal conduction resistance of the lubricant film R cl , and to the moving lubricant through a convection resistance R cvl . When the heat flow has reached the bodies in contact it is diffused to the inside of the body through the resistances R ccv and to the adjacent elements through the resistances R d , R dj .
The expressions used for the thermal resistances for each differential element of area dxÁdy in Figure 1 are based on Wilson 14 and are as follows
There are thermally affected depths in each body, which represent the depth to which there is a thermal gradient. These distances, schematised in Figure 1 , can be calculated with expression (14) and have been substituted in equations (13) . T 1 and T 2 are the temperatures of the bodies at depths equal to d 1 and d 2 , respectively
Then, the equivalent thermal circuit in Figure 1 can be solved for each element (i,j), by performing an energy balance at nodal points (a), (b) and (c), which gives a system of equations (15) for each of the cross sections
With the following thermal boundary conditions
The heat generated in each differential element Q g is found from expression (9)
The temperatures of the nodes (a), (b) and (c) are expressed as a function of the temperatures of the adjacent nodes. However, as most of the latter temperatures are unknown, the network cannot be solved separately node by node. Therefore, once the heat generated and the thermal resistances are calculated a coefficient matrix is assembled, from which the
temperature distributions can be determined with the boundary conditions (16) . For an initial calculation it is assumed that all the values of the matrix T(x,y) are equal to the temperature of the bath. A first iterative calculation is performed with the pressure curve, starting from Hertzian distribution, 40 and reaching a result for the pressure distribution p(x,y) and the film thickness h(x,y) calculated at bath temperature. Then, by solving the system of thermal equations (15) new temperature distributions for the lubricant and the surfaces are found.
Since the lubricant properties in Tables 1 and 2 are dependent on the temperature of the lubricant, a second iteration loop needs to be considered in order to recalculate their values with the new distribution of temperature obtained. After a finite number of iterations convergence of the distributions of pressure, film thickness and temperature is achieved. Figure 2 illustrates an outline of the calculation procedure described in this section.
Experimental data
The accuracy of the thermal resistances-based approach has been analysed by comparing the friction coefficient predictions with experimental results in a MTM tribometer developed by PCS Instruments (www.pcs-instruments.com). A ball-on-disc contact has been tested using balls with a diameter of 19.05 mm (3/4''). The balls and discs used present an (1,n) Figure 1 . Discretized domain, and a differential element of the thermal resistances circuit. Friction coefficient has been measured within a range of average velocities u m and slide-to-roll ratios (SRRs). The SRR is defined as follows
The lubricant used in all the tests is a PAO-6 whose physical properties are listed in Table 1 , 35, 41 together with the properties of squalane oil, 1, 29 as experimental results of the latter in Shirzadegan et al. 19 are also used to assess the predictive potential of the new model. These lubricants present the following parameters of the Carreau model: 1, 29, 41 n ¼ 0.81, G ¼ 0.1 MPa for PAO-6; and n ¼ 0.46, G ¼ 6.6 MPa for squalane oil. When performing the calculations, in each step of the iterative process the variations in the properties of the lubricant with temperature are locally considered in accordance with the equations listed in Table 2 42,43 and polynomials that fit the values in Table 1 
The fitting constants of the density model (equation (7)) are taken according to Bair et al. 29 and Ho¨glund; 35 for a PAO base are: C 1 ¼ 1.0, C 2 ¼ 24.5, C 3 ¼ 0 and s ¼ À1; and for squalane oil are:
The ranges of input operating variables used in the experiments with PAO-6 to compare the results with the theoretical calculations are shown in Table 3 . A wide range of SRR (5-200%) is chosen to analyse the variation of the friction coefficient as the lubricant gradually moves away from the Newtonian behaviour and the thermal effects become more significant. 8, 44 Results and discussion Results of the thermal resistances-based approach for PAO-6 where an overestimation can be observed for SRRs higher than 25% in this case. On the other hand, Figure 4 compares the results of the thermal model with the experimental results at 20 N at different bath temperatures. In all cases a very good prediction of the friction coefficient is obtained, with deviations lower than 12%. If we analyse the results in Figure 4 for an average velocity of 2 m/s ( Figure 5 ) and for a SRR of 50% ( Figure 6 ) the accuracy of the developed model for calculating the friction coefficient can be more clearly observed. For very low SRRs, Figures 4 and 5 show a rapid increase of the friction coefficient with SRR. However, as the SRR rises the shear-thinning and thermal effects become more significant, leading to a less pronounced increase in friction and even to a drop with the SRR. Figure 6 also shows this phenomenon as average velocity rises at a constant SRR, because of the proportional increase of sliding velocity.
As can be seen in Figures 4, 5 and 6 , the lower the bath temperature, the more obvious the decreasing trend of the friction coefficient with the highest SRRs (or sliding velocities). This is mainly due to the rise in lubricant temperature and the ensuing reduction of viscosity. In fact, as may be deduced from Figure 7 , the lower the bath temperature, the greater the rise in temperature within the lubricant film. For example, for an SRR of 50% and T b of Figure 6 . Sections of graphs in Figure 4 for a slide-to-roll ratio of 50%. 
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C a maximum increase of 15 C in lubricant temperature is produced, whereas for the same SRR and T b of 80 C the maximum rise in temperature is only 6 C. For the highest SRRs, Figure 7 shows that the rises in temperature are more significant. Figure 8 shows the temperatures on the two surfaces and in the lubricant at SRR ¼ 200%. Due to the different thermal resistances for each surface, calculated with equations (13), a clear variation can be seen between the distributions on the slower surface (surface 2) and the faster surface (surface 1). The faster surface transmits the heat much more quickly and therefore the maximum temperature reached on this surface, as well as the thermally-affected zone, is less than for the slower surface. The highest temperatures are reached in the lubricant, because of the highest thermal resistance to heat conduction.
The results of the central film thickness for the operating conditions indicated in Table 3 are illustrated in Figure 9 , which means that in most cases the contact is working under fluid film lubrication. As shown in Figure 9 , the higher the bath temperature, the lower the central film thickness as a result of the reduction in the viscous properties of the lubricant. In some cases, at high average velocities, the combined shear-thinning and thermal effects account for up to 50% reduction in film thickness.
Comparison of the new approach with full-TEHL calculations
The results of the simplified thermal resistances approach are compared to a full-TEHL numerical model based on that proposed in Habchi et al. 22 The latter includes compressive heating and the Poiseuille component, and employs a generalized Reynolds equation with integral functions to take into account the variations of the lubricant properties across the film thickness, leading to a three-dimensional model for solving the thermal problem. It considers the rheological behaviour of the lubricant with equations (6) and (7), in order to obtain results comparable with the thermal resistances approach.
Taking a representative case from a pseudoplastic and thermal standpoint: PAO-6 at Figure 10 shows the film thickness distribution and the velocity field calculated with the full-TEHL model, where an almost constant velocity gradient may be observed across the film thickness in the high-pressure contact zone, which is in agreement with the Couette flow assumed. Figure 11 shows that, although the thermal resistances approach leads to good predictions of the friction coefficient, slightly better results are obtained with the full-TEHL simulation. Likewise, when temperature results are shown in a comparable manner, that is, average values per each columnar volume of lubricant, the respective distributions are found to be similar ( Figure 11 ). Table 4 summarizes the comparison between different TEHL models, showing a well-balanced result for the new approach.
Order of magnitude of the compressive heating
We have considered that all heat is generated by fluid shear (none by compression). The validity of this assumption can be assessed by taking some typical operating values for the TEHL point contact of PAO-6 at 80 C, u m ¼ 3 m/s, SRR ¼ 200% and W ¼ 20 N (equivalent to p 0 ¼ 0.83 GPa). The approximate value of the thermal expansion coefficient for a PAO base is " ¼ 7.1 Â Á10 À4 K À1 . 37 If we apply the model to this study case, the results of central film thickness and friction coefficient in Figures 4 and 9 are h ¼ 72 nm and m ¼ 0.022, whereas the pressure gradient in the x-direction is depicted in Figure 12 , with extreme values at the inlet and the outlet: dp=dx ð Þ max inlet ¼ 1:205 Á 10 13 Pa=m, dp=dx ð Þ min outlet ¼ À2:470 Á 10 13 Pa=m. Considering a column of lubricant of film thickness h and unit area, equation (8) Table 5 outlines analogue calculations for PAO-6 at 20 N (equivalent to p 0 ¼ 0.83 GPa) and u m ¼ 3 m/s, for different temperatures and SRRs. Therefore, for SRRs at which thermal effects become significant for this lubricant, 17 even the maximum value of the compressive heating due to the velocity and the pressure gradient in the x-direction is relatively low when compared to average shear heating. Given the low values obtained with equation (8), it is also reasonable to neglect the ycomponent.
Order of magnitude of the thermal resistances within the lubricant film
The ratio of heat conducted in the z-direction to heat transported by mass in the x-direction can be estimated by dividing the advective thermal resistance R cvl by the conductive R cl . The following result is attained, which is in line with Cameron
As the separation between nodes is dx ¼ 6.25 mm, Table 6 summarizes the approximate results for PAO-6 at 20 N (equivalent to p 0 ¼ 0.83 GPa) and u m ¼ 3 m/s, for different temperatures and SRRs. Hence, heat generated passes rapidly by conduction into the contacting surfaces. As the advective component in the x-direction accounts for a comparatively low amount of the heat transferred, it is reasonable to neglect the y-component, as it would be even less significant. However we have included the x-component of the heat advection term in the thermal resistances model. Application of the model to more severe thermal cases Figure 13 shows new comparisons between the thermal resistances approach and friction measurements given in Shirzadegan et al. 19 for squalane oil at 80 N (equivalent to p 0 ¼ 1.24 GPa). In these cases a decreasing trend in the friction coefficient is observed as the SRR rises, because thermal effects become more severe and the rise in temperature is more significant than in the cases analysed previously. 
The results obtained for squalane oil at 1.24 GPa are reasonably good, although less accurate than those obtained for PAO-6 at 0.83 GPa. As Hertz pressure increases, the use of more complex pressure-viscosity models, such as those based on free volume theory, 1 can enhance the accuracy of the results. Further improvements may be obtained by considering generalized Reynolds equations, the Poiseuille component and more modes of heat generation and transfer, particularly as thermal effects become more significant. These aspects, although beyond the scope of the present article, constitute future challenges for an improved formulation of the thermal resistancesbased methodology. 
Conclusions
This article proposes a simplified numerical model for solving the TEHL problem in point contacts for nonNewtonian compressible lubricants. The developed method is based on a thermal resistances approach and provides quick and accurate friction calculations, along with the distribution of both film thickness and temperature. The validation includes comparisons with full-TEHL simulations and experiments that cover a wide range of the main input parameters which affect the thermal and rheological behaviour in elastohydrodynamics.
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